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The relationship between the instability waves and noise of hot jets at moderate supersonic Mach number is
examined. For very-high-speed jets the instability waves propagate downstream with supersonic velocity relative
to ambient sound speed. These fast moving instability waves generate intense Mach wave radiation (analogous
to the case of supersonic flow past a wavy wall). Under this circumstance the radiated noise characteristics must
strongly correlate with those of the instability waves. It is found that the highest sound-pressure level of the
far-field noise occurs at a direction and frequency that closely match the Mach wave radiation direction and
frequency of the most amplified instability wave of the jet. When the jet speed exceeds the sum of the sound
speed inside and outside the jet, the jet flow supports not only the familiar Kelvin-Helmholtz instability waves
but also a family of supersonic instability waves. Present calculations show that for jet Mach number up to 2.0
and jet total temperature to ambient temperature ratio up to 2.5, the Kelvin-Helmholtz instability waves always
grow to a higher amplitude than the supersonic instability waves. Numerical results indicate that for hot jets
the most amplified wave invariably belongs to the helical mode Kelvin-Helmholtz instability wave. For lower
speed hot jets with jet static temperature higher than or equal to the ambient temperature there is also a fair
correlation between the Strouhal number at the peak sound-pressure level of the far-field noise and that of the
most amplified instability wave.

I. Introduction

D URING the last decade much effort has been devoted
to the determination of the dominant noise sources of

supersonic jets. Presently the consensus is that the noise gen-
erated directly by the large turbulence structures/instability
waves of the jet flow probably constitute the principal part
of the turbulent mixing noise component. There is direct and
indirect experimental and theoretical evidence supporting this
proposition.1"4 However, most of the previous works and ex-
periments are confined to cold supersonic jets, whereas jets
issued from aircraft engines are invariably hot. For the pro-
posed second generation high-speed civil transport, the op-
erating jet temperature is even higher. The main objective of
this work is to examine the relationship between the instability
waves/large turbulence structures and noise of hot supersonic
jets within the theoretical framework of Ref. 1 and to provide
evidence that a reasonable correlation exists between the
characteristics of the most amplified instability waves of hot
supersonic jets and their radiated noise.

For cold supersonic jets in the Mach number range of 1.0
to 3.0 the large turbulence structures/instability waves of the
jets are associated with the well-known Kelvin-Helmholtz in-
stability. Excellent optical observations of these instability
waves in supersonic jets can be found in the work of Lepi-
covsky et al.5 Recently Oertel6-7 and Tarn and Hu8 studied
the large turbulence structures/instability waves of hot super-
sonic jets. They found that at jet operating conditions for
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which the jet velocity was larger than the sum of the speeds
of sound inside and outside the jet, the jet could support not
only the familiar Kelvin-Helmholtz instability waves but also
a new family of instability waves. The new waves are referred
to as supersonic instability waves because their phase velocity
is greater than the ambient speed of sound. The optical ob-
servations of Oertel clearly indicate that both the Kelvin-
Helmholtz instability waves and the supersonic instability waves
are capable of generating noise. The experimental and the-
oretical studies by Oertel and Tarn and Hu, however, were
confined to jets with thin mixing layers. At the present time
very little is known about the characteristics of the supersonic
instability waves in jets with realistic mixing layer profiles. In
this work, both the Kelvin-Helmholtz instability waves and
the supersonic instability waves are considered. It will be
shown numerically that for jet Mach numbers up to 2 and jet-
to-ambient temperature ratios up to 2.5 the Kelvin-Helmholtz
instability waves are the dominant instabilities. They are,
therefore, expected (as in the case of cold supersonic jets) to
be the dominant sources of jet mixing noise.

The processes by which instability waves generate acoustic
radiation have been discussed at some length in Ref. 1. It was
pointed out that the phase velocity of an instability wave is
crucial to how efficiently sound, in the form of Mach waves,
is produced. For hot jets at moderate supersonic Mach num-
ber, the jet velocity is high so that the instability waves gen-
erally propagate downstream at supersonic velocities relative
to the ambient sound speed. When moving with supersonic
velocity, an instability wave will generate intense Mach wave
radiation (analogous to supersonic flow past a wavy wall) with
a peak noise direction normal to the Mach wave fronts. For
cold or low Mach number supersonic jets, the instability wave
speeds are generally subsonic. In this case, the sound gen-
eration processes are less direct and less efficient. It has been
elaborated in Ref. 1 that even a subsonic wave could cause
acoustic radiation due to the growth and decay of the wave
amplitude. Because of the growth and decay of the wave, its
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wave number spectrum is broadened so that a subsonically
moving wave could still have supersonic wave components.
These supersonic wave components would again lead to Mach
wave radiation.

In this paper, attention is focused on hot supersonic jets at
moderate supersonic Mach numbers. According to the above
stated noise generation mechanism, one would expect the
characteristics of the dominant part of the noise of these jets
to correlate well with those of the most amplified instability
waves of the jet flow. For instance, there should be a close
match of the frequencies between noise and instability waves.
In Sec. Ill it is shown that reasonably good correlation be-
tween the calculated instability wave characteristics and the
measured jet noise directivities and spectra of Ref. 9 can,
indeed, be found. The correlation, however, deteriorates as
expected, for lower speed jets.

II. The Most Amplified Instability Wave
If instability waves are, in fact, the dominant source of hot

supersonic jet noise, then the radiated noise characteristics
in the direction of maximum noise radiation must be directly
related to those of the most amplified instability wave. In this
section, a simple procedure for determining the most ampli-
fied instability wave under the locally parallel flow approxi-
mation is outlined. Some of the characteristics of the most
amplified instability wave of hot jets at moderate supersonic
Mach number are investigated.

Linear instability wave theory of supersonic jets is now well
known. The mathematical and computational steps needed
to calculate the spatial growth rates of these waves are fully
documented in the literature (see Refs. 1 and 8) and, there-
fore, will not be repeated here. In performing a linear insta-
bility wave calculation for a round jet it is customary and
advantageous to use a cylindrical coordinate system (r, 0, x)
centered at the nozzle exit (Fig. 1) with the ^-axis pointing
in the direction of flow. A solution of the governing linearized
compressible equations of motion in the form p(r, 0, ;c, t) =
p(r) Qxp[i(kx + nO — cot)] and similar form of solution for
the other flow variables is sought. Here co is the angular fre-
quency of the wave and n is the azimuthal Fourier mode
number (n = 0, 1, 2, . . .) and k, the spatial wave number,
is the eigenvalue of the problem. That is the eigenvalue so-
lution gives A: as a function of co and n. The imaginary part
of k or kj is the (negative) local growth rate of the wave.
Because of the change in velocity and density profiles as the
wave propagates downstream, k{ varies with the downstream
distance. The total amplification A(a>, n) of an instability wave
of a fixed frequency a) and mode number n for a supersonic
jet with Mach number Afy and jet total temperature to ambient
temperature ratio TrITa is, therefore, given by:

(1)A(w, n) = exp - &,(&>, n, x) dx

kfa, n,xc) = 0. In Eq. (1) the effect of nonparallel flow has
been neglected so that it is only a first estimate. A detailed
procedure to account for nonparallel flow correction is given
in Ref. 1. To find the most amplified wave it is necessary to
identify the mode number and the frequency or Strouhal num-
ber of the wave with the highest total growth.

It is known that a supersonic jet can be divided into three
regions; the core, the transition, and the fully developed re-
gions according to the characteristics of the mean velocity
profile (see Fig. 1). The core region is closest to the nozzle
exit. In the core region, the center part of the jet has a uniform
velocity equal to the fully expanded jet velocity. Surrounding
the core is a mixing layer that broadens in the downstream
direction. The mean velocity profile in the core region can
be characterized by a two parameter function:

n(r, x) _ J 1,
«/ [exp -4 r - h r < / z

r > h (2)

where ut is the fully expanded jet velocity, h is the core radius,
and b is the half-width of the shear layer, h and b both vary
in the downstream direction. This velocity profile is shown in
Fig. 2. The parameters h and b are not independent. They
satisfy the requirement of conservation of momentum flux i.e.

pu2r dr = (3)

so that the mean velocity u may be regarded as a function of
a single parameter b alone. In Eq. (3) R and py are the jet
radius and density at the nozzle exit of the perfectly expanded
jet. On invoking boundary-layer approximation to the jet
mean flow, one finds that the mean pressure across the jet is
nearly constant. This together with the Crocco's relation al-
lows the density distribution across any cross section of the
jet to be expressed as a function of the jet velocity. The explicit
relation is:

2
(4)

where xc is the location at which the wave reaches its maximum
amplitude or its local growth rate is zero. In other words

where Mj is the fully expanded jet Mach number; y is the
specific heat ratio of the gas; and Tr and Ta are the reservoir
and ambient temperature respectively. Eqs. (2), (3), and (4)
suggest that the velocity and density distribution in the core
region of the jet needed for the determination of kt in Eq.
(1) through standard instability wave analysis are completely
specified by the single parameter 6, the half-width of the jet
mixing layer. In other words, the dependence of /:, on x is
through its dependence on 6; that is, kt - /:,(&>, n, b(x)).

Extensive jet instability calculations over a significant range
of Strouhal number have been carried out. It is found that
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Fig. 1 Schematic diagram of a perfectly expanded supersonic jet
divided into the core, the transition and the developed regions.

iM/2

Fig. 2 Velocity profile in the core region of the jet.
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the position of neutral instability xc is invariably located in
the core region of the jet. For the purpose of determining the
most amplified instability wave it is, therefore, not necessary
to consider the transition and the developed regions of the
jet at all. A careful examination of all the measured mean jet
velocity profiles reveals that b varies nearly linearly with x.
This is consistent with the standard similarity argument. In
the literature, db/dx = cris referred to as the spreading rate.
With or taken as a constant the total growth integral in Eq.
(1) may be cast into the following computationally more con-
venient form:

fxc 1 Cbc

- kfa, n, x) dx = - - */(*>, n, b) db (5)
JO (7 Jbo

where bQ is the half-width of the jet mixing layer at the nozzle
exit and bc = b(xc). Thus, the most amplified instability wave
is the one with Strouhal number S(S = fDlup D = jet di-
ameter) and mode number n, which maximizes the integral:

/ = I - kf(S, n, b/R)R d(b/R)
JbQ/R

(6)

Eq. (6) is the same integral as in Eq. (5) except that it is now
written in dimensionless form.

Numerical computations of the total growth integral (Eq.
(6)) for the Kelvin-Helmholtz instability waves for jets with
Mach number My up to 2.0 and total temperature to ambient
temperature ratio TrITa up to 2.5 have been carried out. The
local value of kt is found by solving the Rayleigh equation as
in Refs. 1 and 8. Figure 3 shows a typical set of results for a
Mach 1.4 jet at Tr/Ta = 2.1. In this figure, the total growths
of the n = 0, 1, and 2 mode instability waves over a wide
range of Strouhal numbers are given. It is evident from this
figure that the n = 1 mode is preferentially amplified. It turns
out that this is always true for hot jets at moderate supersonic
Mach number. Thus, for the purpose of identifying the most
amplified instability wave only the helical mode n - 1 needs
to be considered. In Fig. 3 the n = 1 mode curve peaks at a
Strouhal number of 0.15. Therefore, for this jet the helical
instability wave mode at a Strouhal number 0.15 is the most
amplified wave.

When the velocity of the jet is sufficiently high such that
Uj > Uj + ax where a} and a^ are the speed of sound inside

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Strouhal number (fD/Uj)
0.8 0.9 1.0

Fig. 3 Total growth integral for the instability waves of a Mach 1.4
jet at Tr/Ta = 2.1. — • — • — , mode 0; ——— , mode 1; — — —
— — , mode 2.

0.0 0.1 0.2 0.3 O.U 0.5 0.6 0.7

Strouhal number (fD/Uj)

Fig. 4 Total growth integral for the instability waves of a Mach 2.0
jet at TrlTa = 2.7. — • — • - — , mode 0; ———, mode 1; — —. —
— —, mode 2; — • • — • • —, mode (0,1), supersonic instability
waves.

and outside the jet, the jet can support not only the familiar
Kelvin-Helmholtz instability waves but also the supersonic
instability waves.6"8 The principal characteristics of the super-
sonic instability waves have been investigated in Ref. 8. The
spatial growth rates of these waves can be calculated in exactly
the same way as for the Kelvin-Helmholtz instabilities. One
important difference between the Kelvin-Helmholtz instabil-
ity waves and the supersonic instability waves is that the for-
mer is an inflexional instability, whereas the latter is not. The
significance is that in the inviscid limit the Kelvin-Helmholtz
instability is analytically continued into a corresponding fam-
ily of damped wave, whereas the supersonic instability is con-
tinued into a family of neutral waves. What this means is that
without taking viscosity (including eddy viscosity) into ac-
count the supersonic instability waves would not become
damped as they propagate downstream. To be able to identify
the most amplified wave it is, hence, essential to include eddy
viscosity effect in the analytical model. In all the calculations
for the supersonic instability waves performed in this paper,
eddy viscosity terms are included (i.e., the local growth rate
is determined by solving the Orr-Sommerfeld equation with
eddy viscosity terms). The local eddy Reynolds number
vtblUj is taken to be equal to 500 (yt is the eddy kinematic
viscosity). This value of the eddy Reynolds number has been
found to be satisfactory for this and similar types of analysis.10

Figure 4 shows a comparison of the total growth integrals of
the most amplified supersonic instability waves (the (0, 1)
mode) and those of the Kelvin-Helmholtz instability waves
for a Mach 2.0 hot jet at T,/Ta = 2.7. As can be seen, the n
= 1 and n = 2 mode of the Kelvin-Helmholtz instability
waves have significantly higher total growth. The former is
the most amplified. Numerical investigation over the range
of 1.0 < Mj < 2.0 and T,/Ta < 2.5 confirms that this is
generally true. For the purpose of determining the charac-
teristics of the most amplified instability waves within the
above operating conditions only the n = I Kelvin-Helmholtz
instability wave mode is considered.

When the jet velocity is sufficiently high, the phase velocity
of the most amplified instability wave would be supersonic
relative to the ambient sound speed. Under this condition the
instability wave would generate intense Mach wave radiation.
The principal direction of acoustic radiation is normal to the
Mach wave fronts as shown in Fig. 5. If instability waves are
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Fig. 5 Vector diagram of Mach wave radiation. cos0 = ajcph.

15° 20° 25° 30° 35° 40° 45°
8 (degrees)

Fig. 6 Comparison between the calculated frequency and direction
of Mach wave radiation of the most amplified instability wave of a
Mach 2.0 jet at a total temperature of 855°F and measurements. Shown
are contours of equal sound-pressure-level in the ^-frequency plane.
•, theoretical value.

the dominant noise source of the jet, then the peak noise
direction 0 should be given approximately by the formula:

6 = cos~l(ajcph) (7)

where cph is the phase velocity of the most amplified instability
wave. By comparing the calculated values of 6 and the Strou-
hal number of the most amplified wave with the far-field noise
measurements it is possible to test the validity of the "insta-
bility waves are the dominant source of high-speed jet noise
hypothesis." This is reported in the next section.

III. Comparison with Experiment.
Good quality, narrow-band, hot supersonic jet noise data

are not readily available in the literature. Some years ago
Tanna et al.9 measured the far-field noise of these jets issued
from three nozzles of design Mach number 1.4, 1.7, and 2.0.
The data were reported in tabulated form in i-octave-band
sound-pressure-level. The measurements were carried out by
microphones spaced at 7i degrees apart. For lack of better
quality and more complete data set, the Tanna et al. meas-
urements are used for comparison with calculated results.
Because i-octave-band data are weighted in favor of higher
frequency noise, the sound-pressure-level spectra are first
converted into 100-Hz band data before comparisons are made.

Two types of comparisons are carried out. For jets with
high enough velocity such that the phase velocity of the most
amplified instability wave (at maximum amplitude) is super-
sonic relative to the ambient sound speed, direct Mach wave
radiation is expected. In this case, the Strouhal number and
the direction of maximum noise radiation in the far field should
be nearly equal to the Strouhal number of the most amplified
instability wave and its Mach wave radiation angle. Another
set of comparisons are made for jets of lower speed. For these
lower speed jets, the phase velocities of the instability waves
are subsonic relative to the ambient sound speed. Direct Mach
wave radiation, as in the case of supersonic flow past a wavy
wall, is not possible. However, acoustic radiation is still being
generated due to the growth and decay of the wave amplitude.
It is expected that the Strouhal number at the highest sound-
pressure-level of the radiated noise would still be nearly equal
to that of the most amplified instability wave of the jet. How-
ever, such correlation would deteriorate as the jet velocity
decreases.

Figure 6 shows the contours of equal sound-pressure-level
in dB (100-Hz band) in the frequency-direction of radiation
plane of a Mach 2.0 jet at a total temperature of 855°F con-
structed from the measurements of Tanna et al.9 Also shown
is the calculated frequency and Mach wave radiation angle of
the most amplified instability wave. On considering that the
peak of the noise spectrum and directivity is quite broad the
agreement between calculated result and measurement seems
to be quite good. Figures 7 and 8 are further comparisons
between theory and measurements for the same Mach 2.0 jet,
but at lower jet total temperature. Figure 7 is at Tr = 470°F,
while Fig. 8 is at room temperature Tr = 74°F. The agreement
between theory and experiment is again reasonably good. The
difference between the measured and calculated frequency is
roughly within one s-octave band. The difference between the
measured and calculated peak noise direction is around 5 deg,
which is less than the spacing of the microphones used in
acquiring the data.

In Fig. 9, the measured Strouhal numbers (S = fD/Uj where
D = 2R is the diameter of the jet at the nozzle exit) corre-

15° 20° 25° 30° 35° 40° 45°
8 (degrees)

Fig. 7 Comparison between the calculated frequency and direction
of Mach wave radiation of the most amplified instability wave of a
Mach 2.0 jet at a total temperature of 470°F and measurements. Shown
are contours of equal sound-pressure-level in the ^-frequency plane.
•, theoretical value.
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15° 20° 25° 30° 35° 40° 45°
6 (degrees)

Fig. 8 Comparison between the calculated frequency and direction
of Mach wave radiation of the most amplified instability wave of a
Mach 2.0 jet at a total temperature of 74°F and measurements. Shown
are contours of equal sound-pressure-level in the ^-frequency plane.
•, theoretical value.

0.5

Fig. 11 The Strouhal number at maximum sound-pressure-level of
a Mach 1.4 jet as a function of jet to ambient temperature ratio.
—, theory; •, experiment.

spending to the highest far-field sound-pressure-level of a
Mach 2.0 jet operating at different jet to ambient temperature
ratios are compared with the Strouhal numbers of the most
amplified instability waves. Similar comparisons for the Mach
1.7 and Mach 1.4 jets are given in Figs. 10 and 11. For hot
jets with jet temperature higher than that of the ambient,
there seems to be generally fair to good agreement. The agree-
ment seems to be better at higher jet temperatures and jet
velocity. For cold jets (T; < Ta), the agreement is less good,
especially at lower jet Mach number. This trend is consistent
with the dependence of the Mach wave noise radiation mech-
anism on the jet speed discussed above and in Ref. 1.

Ti/Ta

Fig. 9 The Strouhal number at maximum sound-pressure-level of a
Mach 2.0 jet as a function of jet to ambient temperature ratio. —,
theory; •, experiment.

IV. Summary
In this paper the source of hot jet noise at moderate super-

sonic Mach number is investigated. The relative importance
of the Kelvin-Helmholtz instability waves and the supersonic
instability waves as sources of noise is assessed. It is found
that for the range of Mach number and jet to ambient tem-
perature ratio considered the Kelvin-Helmholtz instability waves
have much higher total amplification and higher phase speed,
thus, (just as for cold jets) they are the more dominant source
for hot jet noise. According to the instability wave noise gen-
eration mechanism discussed in Ref. 1, it is expected that for
high-speed jets, especially those with supersonically traveling
(relative to the ambient speed of sound) instability waves, the
Strouhal number and the direction of maximum noise radia-
tion should correlate well with the Strouhal number and the
direction of Mach wave radiation of the most amplified in-
stability wave. Comparisons between calculated results and
the experimental measurements of Ref. 9 are made. Reason-
ably good agreements are found. For lower speed hot jets
with Tj > Ta, fairly good correlations between the measured
Strouhal number at maximum far-field sound-pressure-level
and the calculated Strouhal number of the most amplified
instability wave are also observed. The correlations deterio-
rate progressively as the jet speed is reduced. It is believed
that this is because at subsonic phase speed, the intensity of
Mach wave radiation from an instability wave does not simply
depend upon its amplitude alone. The entire history of the
spatial evolution of the instability wave (growth and decay)
needs to be taken into account in determining the radiated
noise intensity. For very low speed jets, the instability waves
are probably not the dominant direct source of noise.

Fig. 10 The Strouhal number at maximum sound-pressure-level of
a Mach 1.7 jet as a function of jet to ambient temperature ratio.
—, theory; •, experiment.
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